Abstract. For an evolution of metrics (M, gt) there is a t-smooth family of embeddings et : M → R N inducing gt, but in general there is no family of embeddings extending a given initial embedding e 0 . We give an example of this phenomenon when gt is the evolution of g 0 under the Ricci flow. We show that there are embeddings e 0 inducing g 0 which do not admit of t-smooth extensions to et inducing gt for any t > 0. We also find hypersurfaces of dim > 2 that will not remain a hypersurface under Ricci flow for any positive time.
Preliminaries
Let f : R n → R be a smooth function and let
Let , be the standard inner product on R n+1 , and g be the induced metric on M from R n+1 . Let ∇ , D be the standard covariant derivatives on R n , R n+1 respectively. First we will compute the metric and curvature of M . Note that M is diffeomorphic to R n and we can cover it by one chart, which we will do from now on. Now
is an embedding, so the tangent vectors to M are ∂ i F = (e i , ∂ i f ) where e i 's are the standard basis of R n . The components of g are
The unit normal to M is
Also the components of the second fundamental form are
The Gauss equation implies
By an easy induction on n we find
and also the components of g
Now we can compute the Christoffel symbols
The Example
Let f : R n → R be given by
(where (a rq ) is not necessarily symmetric) We are interested in the evolution of (M, g) under the Ricci flow. Let p denote the origin in R n+1 . The derivatives of f are
Note that all these expressions vanish at the origin, so both the curvature and the connection vanish at p. In addition we have g ij = δ ij at p. We know that under the Ricci flow the Riemann curvature tensor evolves as
where A * B is a sum of contractions of components of the tensors A and B by the metric. Now if we look at this equation at x = p and t = 0 we get
Since Γ and Rm vanish at p and g is the identity there, we obtain
We define the tensor A by (2.6)
1+|∇f | 2 A, and as A, ∂A vanish at p, we have (2.7) ∂∂Rm = 1 1 + |∇f | 2 ∂∂A at p. Since A has the symmetries of the curvature tensor, it is enough to compute A ijkl for i < j, k < l, i ≤ k
Now if we choose (a rq ) such that (2.8) a αβ a βγ + a βα a αγ = a αγ a βγ for α, β, γ mutually distinct then all non-diagonal entries of ∂ s ∂ s A ijkl and hence ∂ ∂t Rm vanish at x = p and t = 0 (note that 1 1+|∇f | 2 = 1 at p). Let a ij = 0 for i < j and a ji = 1, then (2.8) holds. Also let the diagonal elements a ii to be 1, then the diagonal entries of ∂ ∂t Rm(0, p) are all negative. Therefore as Rm(0, p) = 0, the sectional curvatures of Rm(t, p) will be negative for small t. Therefore for any positive t, (M, g(t)) is no longer a hypersurface when n ≥ 3. Note that no neighborhood of p can be embedded in R n+1 for any t > 0 and using this we can construct closed hypersurfaces that will not remain a hypersurface for any positive time under Ricci flow.
We also observe that for n ≥ 2 if we consider the embedding
for any k ≥ 1, then there is no evolution of ϕ that induces the Ricci flow on M . In fact, if such evolution of ϕ exists, then by the Gauss equation we will have
where Π is the second fundamental form. Differentiating we obtain ∂ ∂t
at p. But Π(0) = 0 at p and this contradicts the fact that ∂ ∂t Rm(0) = 0. Also note that even changing the metric on R n+k will not allow the existence of an evolution of ϕ that induces g(t) since in this case
where η(t) is the evolution of the standard metric on R n+k . Thus
at p. Again Π(0) = 0 at p and we get a contradiction with ∂ ∂t Rm(0) = 0. Remark. For a generic isometric embedding of a Riemannian manifold (M, g) in R N , the metric g(t) can be embedded in R N for small t > 0. The problem is that we do not know if and when the evolution of the metric encounters an obstacle beyond which we may not be able to extend the embedding. A successful resolution of this problem will have interesting consequences. For example it may allow us to obtain isometric embeddings of a surface of genus > 1 with constant negative curvature in R 5 .
